




















Consecutive measurements of photon number and quantum phase
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Abstract. - We introduce the conditional probability to consider consecutive measurements of
photon number and quantum phase of a single mode. Let P be the conditional probability to
measure the phase α with precision ∆α, given a previous measurement of k photons with precision
∆k. Two upper bounds of the probability P are derived. For arbitrary given precisions ∆k and
∆α, these bounds refer to the variation of k, α, and the state vector ψ in Hilbert space. The
first (weaker) bound is given by the inequality P ≤ ξ, with ξ = ∆α (∆k+1)
2pi
. It is nontrivial for
measurements with ξ < 1. As our main result the least upper bound of P is determined. We obtain
an analytical representation of this bound in the asymptotic limit ∆k → ∞ and ∆α → 0 such
that ξ > 0 is fixed. Finally, we present a rigorous prove that the well-known Heisenberg limit in
precision phase measurement can never be attained with measurement probabilities greater than
1/pi.
The classical picture for the evolution of a single-mode
electromagnetic field is simply determined by an ampli-
tude (specifying the strength of the field) and a phase
(specifying the zeros of the field). In quantum theory, the
field strength may be specified exactly in terms of photon
number N . On the other hand, the concept of electromag-
netic phase as an observable quantity is a long-standing
problem of quantum optics and it has been the question
whether there exists a phase observable that is canonically
conjugate to the number observable for a single-mode field.
The quantum mechanical description of phase was first
considered by London [1] and Dirac [2]. An obvious way
of defining an operator for the phase is by polar decom-
position of the photon annihilation operator aˆ = eiφˆ
√
Nˆ .
The phase operator φˆ defined in this way is equivalent to
that considered by Dirac [2], who obtained the commuta-
tor [φˆ, Nˆ ] = i by employing the correspondence between
commutators and classical Poisson bracket. Formally, this




with σφ and σN are the standard deviations of φ and N .
The difficulties of Dirac’s approach were clearly pointed
out by Susskind and Glogower [3]. Firstly, the relation (1)
would imply that a well-defined number state would have a
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phase standard deviation greater than 2pi. This is a conse-
quence of the fact that Dirac’s commutator does not take
account of the periodic nature of the phase. Furthermore,
the exponential operator eiφˆ derived from this approach
is not unitary and thus does not define a Hermitian oper-
ator. This is why it is often accepted that a well-behaved
Hermitian phase operator does not exist [3,4]. Therefore,
arguments based on the Heisenberg relation (1) cannot
hold in general.
On the other hand, a traditional method of measuring
phase shift is interferometry [5]. This method relies on the
optical interference effect for the comparison of phases in
two paths of a Mach-Zehnder interferometer. If we fix the
phase delay of one path, any detected change in the out-
put intensity of the interferometer will indicate a phase
shift experienced in the other path, thus making a mea-
surement of the phase shift. If the interferometer is prop-
erly balanced, the output intensity Iout has the form of
Iout = Iin(1 − cosφ)/2 where Iin is the intensity of the
input field, and φ is the relative phase shift between the
two interfering paths. If we have a well-defined ampli-
tude in the input field, any change ∆Iout in the output
intensity must come from the change ∆φ in the relative
phase. The sensitivity is highest when we set φ = pi/2,
that is ∆Iout = Iinφ/2. Classically, there is no limit on
how small the change of the intensity can be. Therefore,
in principle, there is no limit on how small a phase shift
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can be measured. In quantum theory, however, the par-
ticle nature of light does not allow an infinite division of
energy, thus setting a lower limit on the change of the
output intensity. In terms of photon numbers one can
write ∆Nout = Nin∆φ/2, where Nin is the total input
photon number and ∆Nout is the change in the output
photon number. The minimum ∆Nout that is allowed
by any quantum theory is simply one corresponding to
the change of one quanta. Therefore, the quantum limit
for phase measurement in this case is ∆φ = 1/N with
N = Nin/2 is the total number of photons in the arm of
the interferometer that experiences the phase shift. How-
ever, such a semiclassical argumentation is limited to the
specific scheme of interferometry for phase comparison,
and to the detection scheme of intensity measurement.
In [6] it is shown through a series of arguments that,
given a total average photon number 〈N〉, a fundamental
limit in the precision phase measurement is set by quan-
tum mechanics to be the so-called Heisenberg limit
∆φ ≥ 1〈N〉 (2)
understood as an approximate limit at a large mean pho-
ton number. Now, the interest in reaching the Heisenberg
limit is great because it seems to present a fundamental
limit and overcomes the shot-noise limit ∆φ & 1/
√
〈N〉.
Known, feasible schemes use degenerate squeezed vac-
uum combined with Glauber-coherent light to increase the
phase sensitivity achieving sub-shot noise resolution, but
do not reach the Heisenberg limit [7, 8], and no practical
scheme has been found that shows scaling like the Heisen-
berg limit for large output intensities.
In the following, we will establish the lack of output in-
tensity in high precision measurments by the amount of
unavoidable phase disturbance caused by any initial pho-
ton number preparation. For this purpose we consider the
conditional probability of the consecutive measurment of
photon number and phase. In order to specify this mea-
surements, let us refer to the quantum formalism of [9–11],
where the statistics of measurement are given by positive
operator-valued measures [12–14]. These statistics are es-
sentially those of the Pregg-Barnett [15,16] and also meet
the experimental demands for phase measurements. Al-
though the quantum-optical phase is still a controversial
subject [17], significant progress has been made in unifying
the various different formalisms of phase, and the results of
different formalisms embodying the concept of phase as an
observable canonical conjugate to the photon number have
been shown to be physically equivalent [18]. In particu-
lar, the phase distribution associated with the Helstrom-
Shapiro-Shepard probability operator measure [10, 19, 20]
is equivalent to that of derived from Pegg-Barnett formal-
ism [15, 16] for physical states in the infinite dimensional
limit [11, 20, 21]. The corresponding canonical phase dis-









ei(n−m)φ dφ |n〉〈m| (3)
were X is some Borel set of the half-open interval [−pi, pi).
An important property of this measure is the number-shift
invariance, which provides the key for relating canonical
and measured phase distributions [14, 22]. Equation (3)
provides the positive operator-valued measure of an ideal







These states are eigenstates of the Susskind-Glogower op-
erators ĉosφ and ŝinφ and may be interpreted as phase
states. We therefore see that the positive operatore-valued
measure (3) is consistent with the Susskind-Glogower for-
malism. It can also be shown [11] that identical results
are obtained using (3) as using the Pegg-Barnett formal-
ism. In fact, that these different approaches to phase give
equivalent results is a compelling reason to consider this
to be the canonical description of phase.
With reference to (3), we now introduce the condi-
tional probability of consecutive measurements of photon
number and phase and apply the formalism of measure-
ment [12–14]. For this purpose, the precision ∆α ∈ [0, 2pi)
of a phase measurement is defined in terms of the vicin-
ity Aα = [α − ∆α2 , α + ∆α2 ) with α ∈ [−pi, pi). Accord-
ing to (3) the probability of a phase measurement event
φ ∈ Aα, made on a state described by a density oper-
ator ρˆ, is given by tr[ ρˆ Eφ(Aα)]. In order to introduce
the precision ∆k ∈ N by which the initial photon num-
ber is measured, we bring into mind that the range of the
photon number n is bounded from below. Therefore, we
consider the right-sided vicinity Bk ⊂ N of the photon
number k by Bk = {k, k+ 1, ..., k+∆k}. The probability
to measure a photon number event n ∈ Bk is given by
tr[ρˆ E
Nˆ
(Bk)], where ENˆ (Bk) is the value of the spectral
measure E
Nˆ
on the vicinity Bk of k. For the particular
case of the pure state ρˆ = |ψ〉〈ψ|, we have the proba-
bility tr[ ρˆ E
Nˆ
(Bk)] = ||ENˆ (Bk)ψ||2 =
∑k+∆k
n=k |ψn|2 and
ψn = 〈n|ψ〉 is the number-space amplitude of ψ.
Now, the formalism for conditional probabilities un-
der quantum measurements is well developed [12–14].
By an initial photon number measurement, the single
mode is supposed to emerge in a state according to
ρˆ → E
Nˆ
(Bk) ρˆ ENˆ (Bk). Afterwards, the number of pho-
tons is given with precision ∆k. In this situation the un-
certainty principle suggests that the more accurately the
number is measured the greater is the perturbation of the
phase of the outgoing state. The conditional probability
Pα,k(∆α |∆k;ψ) to measure phase φ ∈ Aα, on the state
transformed by the initial number measurement, is given
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Now, our main statement is the following:
Theorem. Let ∆α ∈ [0, 2pi) and ∆k ∈ N be fixed
precisions. For every k ∈ N, α ∈ [−pi, pi), and every
Hilbert space vector ψ, the least upper bound of the
conditional measurement probability is given by the
inequality
Pα,k(∆α |∆k;ψ) ≤ λ0 (6)
where λ0 < 1 is the maximum eigenvalue of the trace class
operator E
Nˆ
(B0)Eφ(A0)ENˆ (B0). Moreover we receive the
inequality
λ0 ≤ ξ = ∆α(∆k + 1)
2pi
(7)
Proof. We consider the (∆k+1)-dimensional Hilbert sub-






and norm ||ψ||k =
√
〈ψ|ψ〉k. For given values k and α let
us define the linear operator Gˆαk : Hk → Hk by







Then we obtain the following representation of the mea-
surement probability (5)
Pα,k(∆α |∆k;ψ) ≡ 〈ψ| Gˆαk ψ〉k〈ψ|ψ〉k (11)
On the other hand, the ordinary operator norm of Gˆαk in





and simply obtains the least upper bound of the mea-
surement probability (5). A substantial step for the
computation of ||Gˆαk||k is given by the following:





has the value ∆α
2
.
Lemma. For every α, k,∆α and ∆k, we receive
the identity
||Gˆαk||k = ||Gˆ00||0 (13)
Proof. We consider the shift transformation Tˆk defined
by (Tˆkψ)n = ψn−k and the unitary transformation Uˆα
with (Uˆαψ)n = e
iαnψn on the space H. Then, by using
the identities
〈ψ| Gˆαk ψ〉k = 〈ϕαk| Gˆ00 ϕαk〉0 (14)
〈ψ|ψ〉k = 〈ϕαk|ϕαk〉0 (15)
with ϕαk = (UˆαTˆk)






By using H = UˆαTˆkH the lemma is proven.
Obviously, Gˆ00 is self-adjoint, positive and the norm
is equal to the maximal eigenvalue λ0 of Gˆ00. According
to the matrix representation (10), the eigenvalues of Gˆ00








m = λs ψ
(s)
n (17)
for eigenvectors ψ(s) ∈ H0, s = 0, 1, ...,∆k. This type of
eigenvalue problem has been extensively discussed in [23]
(see also references therein). Both the eigenvectors and the
eigenvalues are dependent on ∆α and ∆k. All eigenvalues
are distinct, positive and may be ordered so that λ0 >
λ1 > ... > λ∆k. Since Gˆ00 = ENˆ (B0)Eφ(A0)ENˆ (B0) the
first statement of the theorem is proven. Furthermore, the





corresponding to the right hand-side of (7), and λ0 can
never exceed the trace. 2
In fig. 1 we see the monotonic behavior of λ0 versus
ξ ∈ [0,∆k + 1], for ∆k = 0, 1, 2, 3 and ∆k → ∞. The
case ∆k = 0 (dotted) is a straight line. For increas-
ing values of ∆k, the intermediate bounds gradually ap-
proach to the dashed line which is corresponding to the
asymptotic case ∆k → ∞ with ∆α → 0 and ξ > 0
is fixed. In this case, we introduce the transformation
qm =
m
∆k+1 , m = 0, 1, ...,∆k, and define the increment
δqm = qm+1− qm. After substitution in (17) and a few al-
gebraic manipulations, the eigenvalue problem approaches
to the following homogeneous Fredholm integral equation





sin(pi2 ξ(z − z′))
z − z′ ϕ
























 ∆k = 0
 ∆k = 1,2,3
 ∆k → ∞, ∆α→ 0
 ξ〈N〉   〈N〉 = ∞,10,1
Fig. 1: Phase measuring processes with conditional proba-
bilities (5) above the least upper bound λ0(∆α,∆k) do not
exist. The vertical lines (dashed-dotted) are corresponding
to the ordinary Heisenberg limit with 〈N〉 = ∞, 10, 1 (from
left to right).
|z| ≤ 1, in which the single parameter, ξ, appears instead
of ∆k and ∆α separately. From standard theory we know
that (19) has solutions in L2([−1, 1]) only for a discrete
set of eigenvalues, λ˜0 ≥ λ˜1 ≥ ... and that as ν → ∞,
lim λ˜ν → 0. It should be noted that both the ϕ(ν)(z; ξ)
and λ˜ν(ξ) depend on the parameter ξ and corresponding
to each eigenvalue λ˜ν(ξ) there is a unique (up to normal-
ization) solution ϕ(ν)(z; ξ) = S0ν(piξ/2, z) called angular
prolate spheroidal wave function [23, 24]. They are con-
tinuous functions of ξ for ξ ≥ 0, and are orthogonal in
(−1, 1). Moreover, they are complete in L2([−1, 1]). The
corresponding eigenvalues are related to a second set of
functions called radial prolate spheroidal functions, which
differ from the angular functions only by a real scale fac-








with ν = 0, 1, 2, ... The properties of this spectrum for
ν ≥ 1 is discussed in [26]. However, we are mainly inter-
ested in the properties of the largest eigenvalue λ˜0(ξ), see
fig. 1 (dashed line). It is monotonically increasing and ap-
proaches 1 exponentially in ξ. For small values of ξ there
is the asymptotic behavior λ˜0(ξ) ∼ ξ.
A probabilistic classification of the Heisenberg limit is
now straighforward. The corresponding values of ξ are
simply obtained by applying the measurement precisions
∆k = 〈N〉 and ∆α = ∆φ to the condition ∆φ = 1/〈N〉.










The vertical lines in fig. 1 are the corresponding divid-
ing lines (’unit steps’) of the Heisenberg limit (2) for
〈N〉 = ∞, 10 and 1 (from left to right). In literature, the
Heisenberg limit is understood as an approximate limit
at a large mean photon number 〈N〉. However, already
the condition 〈N〉 ≥ 1 implies ξ〈N〉 ≤ 1/pi and accord-
ing to the second inequality of the theorem we obtain the
relation λ˜0(ξ〈N〉) ≤ 1/pi. As a consequence, the Heisen-
berg limit can never be reached by measurement events of
probability greater than 1/pi ≈ 0.32 when 〈N〉 ≥ 1.
In fact, feasible measurement schemes use degenerate
squeezed vacuum combined with Glauber-coherent light
to increase the phase sensitivity achieving sub-shot noise
resolution, but do not reach the Heisenberg limit [7, 8],
and no practical scheme has been found that shows scaling
like the Heisenberg limit for large intensities. As a matter
of fact, for the constitution of a measurement apparatus
with higher measurement probabilities, higher values of
λ˜0(ξ) are necessary. For instance, to attain measurement
probabilities of at least 0.78, a bound of λ˜0(ξ) ≥ 0.78 is a
necessary condition. In this case, we obtain the necessary
condition ξ ≥ 1, or equivalently, ∆φ ≥ 2pi/〈N〉 for large
mean photon numbers.
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